Although full-waveform inversion (FWI) has shown significant promise in reconstructing heterogeneous velocity fields, most existing methodologies are limited to acoustic models. We extend FWI to multicomponent (PP and PS) data from anisotropic media, with the current implementation limited to a stack of horizontal, homogeneous VTI (transversely isotropic with a vertical symmetry axis) layers. The algorithm is designed to estimate the interval vertical P-and S-wave velocities (V P0 and V S0 ) and Thomsen parameters ε and δ from long-spread PP and PSV reflections. The forward-modeling operator is based on the anisotropic reflectivity technique, and the inversion is performed in the time domain using the gradient (Gauss-Newton) method. To build the initial model, we perform nonhyperbolic semblance analysis of PP and PS data. Analysis of the eigenvectors of the approximate Hessian matrix shows that the objective function is weakly sensitive to density, but the parameters V P0 , V S0 , ε, and δ can be resolved not only by joint inversion of PP and PS data, but also with PP reflections alone. The inversion becomes more stable with increasing spreadlength-to-depth (X/Z) ratio, especially for layers in the deeper part of the section. The insights gained by examining simple layered models should help guide the inversion for more realistic heterogeneous TI media.
INTRODUCTION
Transversely isotropic media with a vertical axis of symmetry (VTI) are described by the vertical velocities V P0 and V S0 and the anisotropy parameters ε, δ , and γ. However, traveltime analysis of PP-wave reflection data typically yields just the P-wave normal-moveout velocity V nmo,P and anellipticity coefficient η (Alkhalifah and Tsvankin, 1995) :
In moveout inversion, η is often replaced with the P-wave horizontal velocity:
Even the combination of long-spread reflection traveltimes of P-waves and mode-converted PSV-waves is insufficient for reconstructing layer-cake VTI models in depth (Grechka and Tsvankin, 2002) .
Most existing FWI algorithms (Plessix and Rynja, 2010; Plessix and Cao, 2011; Gholami et al., 2011) for anisotropic media use the acoustic approximation and operate primarily with diving P-waves. Chang and McMechan (2009) perform a feasibility study of FWI applied to PP and PS data from a horizontal anisotropic layer sandwiched between isotropic media. Here, we examine the reconstruction of more realistic, multilayered VTI models in depth using full-waveform inversion of PP and PS data. By taking both anisotropy and elasticity into account, our method properly models reflection amplitudes and handles multicomponent data.
METHODOLOGY
We generate 2D synthetic PP and PSV data from a point explosive source with the anisotropic reflectivity method (Mallick and Frazer, 1990) . The parameters of the top layer are assumed to be known and fixed at the correct values during the inversion.
Building the initial model
The initial model is obtained by commonly used moveoutinversion techniques. Time processing of PP reflection data in layer-cake VTI media is fully controlled by the parameters V nmo,P and η, which can be estimated from PP-wave traveltimes. The PP-wave long-spread reflection moveout in a horizontal VTI layer is described by the nonhyperbolic equation of Alkhalifah and Tsvankin (1995) :
where x is the offset and t P0 is the PP-wave two-way zerooffset time. Equation 4 remains valid for layered VTI media, with V nmo,P and η becoming effective quantities for the stack of layers above the reflector. If the spreadlength-to-depth ratio X/Z is less than 1.5, the magnitude of nonhyperbolic moveout is insufficient for constraining η. For X/Z reaching 1.5-2, equation 4 is used to perform 2D semblance scanning for the effective parameters V nmo,P and η. Then the interval velocity V nmo,P is found from the conventional Dix equation and the interval η from the Dix-type equation given in Tsvankin (2005) . The initial value of δ is set to zero, which allows us to find the parameters V P0 and ε from V nmo,P and η. The density ρ and shear-wave vertical velocity V S0 (if only PP data are available) for the initial model are supposed to be found from well logs.
For multicomponent data, it is necessary to identify the PP and PS (PSV) reflections from the same interfaces (i.e., perform event registration). The interval values of V nmo,P and η can be calculated from P-wave data as described above. To estimate the effective PS-wave NMO velocity (V nmo,PS ), we apply a 2D semblance scan based on equation 4 to long-spread PS data. Then the effective NMO velocity V nmo,SV of the pure SS reflection can be found from (Seriff and Sriram, 1991) :
where t PS0 and t S0 are the zero-offset traveltimes of PS-and SS-waves respectively, so t S0 = 2t PS0 − t P0 . The vertical traveltimes are used to obtain the ratio V P0 /V S0 = t S0 /t P0 . The interval SV-wave NMO velocity, which can be obtained from the Dix equation, is given by (Tsvankin, 2005) : Grechka and Tsvankin (2002) show that in principle it is possible to calculate all four parameters (V P0 ,V S0 , ε, and δ ) from V nmo,P , V nmo,SV , V P0 /V S0 , and η. However, small errors in the NMO velocities and η propagate into the other VTI parameters with amplification and make the results too unstable in practice. Still, this approach provides us with an initial model to be updated by full-waveform inversion.
Inversion algorithm
We perform time-domain inversion of either PP data alone or the combination of PP and PS reflections. The least-squares objective function is defined as:
where d obs is the observed data and d cal (m) is the data calculated for a certain model m. The model updating is carried out via the Gauss-Newton method,
where J is the Fréchet derivative matrix obtained by perturbing each model parameter, J T J is the approximate Hessian matrix, and ∆d is the difference between the observed data and those computed for a trial model. Forward modeling is carried out with the anisotropic reflectivity algorithm of Mallick and Frazer (1990) .
Since the vertical velocities and anisotropy parameters do not have the same units, it is more convenient to invert for the vertical and NMO velocities. If only PP data are used, each layer is described by the parameters V P0 , V nmo,P , V hor,P , V P0 /V S0 , and density ρ. In the case of joint inversion of PP and PS data, we estimate the interval values of V P0 , V S0 , V nmo,P , V nmo,SV , and ρ.
INVERSION RESULTS
First, the FWI algorithm is applied to the simple three-layer model in Figure 1 . The top layer is isotropic, and its velocities and density are assumed to be known. The bottom halfspace is also known to be isotropic, but its parameters are estimated by FWI. We perform tests for data with the spreadlength-to-depth ratio X/Z ranging from one to three. For X/Z=1, η cannot be constrained by PP reflection traveltimes, so the initial values of ε and δ are set to zero.
The testing shows that the interval parameters V P0 , V S0 , ε, and δ can be resolved by FWI, but the inversion is extremely sensitive to the starting model when the data include both PP and PS reflections. If PP and PS data are inverted with the initial δ = 0, the algorithm converges to the correct values only for X/Z=1. For longer spreads, accurate parameter estimation requires calculating δ from moveout inversion of PP and PS data. This is likely due to the shape of the objective function, which causes the inversion for the initial δ = 0 to get trapped in local minima.
Figure 2: Components of the eigenvectors (numbered 1 to 4) associated with the four largest eigenvalues of the Hessian. The input data include PP and PS reflections for the model in Figure 1 for X/Z=1.5. The superscript (2) denotes the VTI layer and (3) the bottom isotropic halfspace.
To evaluate the sensitivity of the objective function to the model parameters, we perform the eigenvector/eigenvalue decomposition of the Hessian matrix (Plessix and Cao, 2011) for joint inversion of PP and PS data. Each component of an eigenvector (called the "direction cosine") indicates the relative sensitivity of the objective function to the model parameters. Figure  2 shows that the objective function is most sensitive to the layer thickness D (and hence to V P0 , since the vertical traveltimes are well-constrained), followed by V S0 , V nmo,P , and V nmo,SV . In contrast, all our tests demonstrate that the objective function is weakly sensitive to density. Hence, in the subsequent tests the interval densities are fixed at the correct values.
Next, we generate only PP data for the same model and invert for the parameters V P0 , V nmo,P , V hor,P , and V P0 /V S0 using the same range of spreadlengths. For all values of X/Z, the algorithm converges to the correct parameters, even when the initial value of δ is set to zero. Evidently, the objective function has a simpler shape with fewer local minima, if only PP data are included.
Interestingly, for X/Z=1 the inversion yields accurate VTI parameters despite the absence of PS data. This is an unexpected result since traveltimes on short spreads are not sufficient for constraining the horizontal velocity (or the parameter η) and, therefore, ε. However, the geometrical-spreading factor near the symmetry axis is sensitive to η (Tsvankin, 1995 (Tsvankin, , 2005 Xu et al., 2005) , which helps estimate all relevant parameters using full-waveform data.
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Figure 3: Components of the eigenvectors (numbered 1 to 4) associated with the four largest eigenvalues of the Hessian. The input data include PP reflections for the model in Figure 1 for X/Z=1.
For PP-waves, the eigenvectors associated with the two largest eigenvalues of the Hessian (Figure 3 ) point equally in the direction of two model parameters (V P0 and D), so the objective function is sensitive to the combination of V P0 and D. The third eigenvector, on the other hand, points almost entirely in the direction of V hor,P . As mentioned above, the near-offset P-wave amplitude is influenced by η, which may help resolve V hor,P . The objective function for PP-wave inversion is not as sensitive to the V P0 /V S0 ratio as it is to V P0 and D. However, the P-wave amplitude-variation-with-offset (AVO) gradient (and the P-wave reflection coefficient as a whole) includes the jump in the shear-wave vertical rigidity modulus G = ρV 2 S0 (Rüger, 1997 (Rüger, , 2002 , which creates a dependence of the FWI objective function on V S0 .
When larger offsets are included, the velocity V hor,P (or η) is well-resolved even in the presence of random noise because it governs the magnitude of nonhyperbolic moveout ( Figure  4) . The small errors (up to 0.02) in the inverted parameters ε and δ are mostly related to the slight distortion in the vertical velocity V P0 . Figure 1 for X/Z=2. The data are contaminated with bandlimited (10-25 Hz) random noise; the signal-to-noise ratio is five.
Next, we test the algorithm for a more complicated multilayered VTI model ( Figure 5) . Again, the parameters of the top layer are fixed at the correct values, and the bottom half-space is known to be isotropic. We contaminate PP data with bandlimited (10-25 Hz) random noise. The eigenvector/eigenvalue decomposition of the Hessian matrix indicates that the objective function is most sensitive to the parameters V P0 , V hor,P , and D of the shallow VTI layer (layer 2) and to the P-wave velocity in the isotropic layer immediately below it. The influence of the parameters of the deeper layers on the objective function is much weaker. When the spreadlength is equal to the depth of the bottom of the model, the spreadlength-todepth ratio for the bottom of layer 2 (X/Z 2 ) is close to 2.2. Then the parameters of that layer are well-constrained, but there are significant errors for the deeper VTI layer (layer 4, Figure 6 ).
However, for longer spreads (the ratio X/Z 4 for the bottom of the model is equal to two), the parameters of layer 4 are accurately resolved (Figure 7) . Therefore, when data include sufficiently long offsets for the target horizon (which may not be typical in practice), it is possible to invert for V P0 , V S0 , ε, and δ with only PP-waves. Even in the presence of band-limited random noise, the error in V P0 for layer 4 is less than 2.2% , and the errors in ε and δ do not exceed 0.03 (Figure 7 ). Performing isotropic FWI for VTI media, on the other hand, can lead to depth stretching or overestimation of velocity in the deeper layers (Gholami et al., 2011) .
CONCLUSIONS
It is well known that the depth scale of horizontally layered VTI models is not constrained by reflection traveltimes of PPand PS-waves, even if long-spread data are acquired. We show that the interval vertical P-and S-wave velocities and anisotropy parameters ε and δ of layer-cake VTI media can be estimated by full-waveform inversion of PP and PS reflection data. If the densities are fixed at the correct values, the parameters V P0 , V S0 , ε, and δ may be constrained by PP-waves alone. The sensitivity of the objective function to the interval parameters decreases for the deeper layers. However, if the spreadlengthto-depth ratio X/Z for the bottom of a VTI layer reaches two, its parameters can be obtained from the inversion of PP data. Still, it might be beneficial to use multicomponent (PP and PS) data if the level of noise is high. The results of 1D inversion provide useful insights for designing the inversion operator capable of handling more complicated heterogeneous structures.
The analysis performed for stratified VTI media can be generalized for vertical symmetry planes of azimuthally anisotropic models (e.g., orthorhombic). However, geometrical spreading in the symmetry planes of orthorhombic media is influenced by azimuthal velocity variations and has to be modeled with a 3D algorithm.
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